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EXTERIOR ALGEBRAS AND TWO CONJECTURES ON FINITE
ABELIAN GROUPS

TAO FENG!, ZHI-WEI SUN? AND QING XIANG?

ABSTRACT. Let G be a finite abelian group with |G| > 1. Let aq,...,ax be k distinct

elements of G and let by, ...,bx be (not necessarily distinct) elements of G, where k is
a positive integer smaller than the smallest prime divisor of |G|. We show that there is
a permutation 7 on {1,...,k} such that a1br(1y, - -+, apbr(x) are distinct, provided that

any other prime divisor of |G| (if there is any) is greater than k!. This in particular
confirms the Dasgupta-Kaérolyi-Serra-Szegedy conjecture for abelian p-groups. We also
pose a new conjecture involving determinants and characters, and show that its validity
implies Snevily’s conjecture for abelian groups of odd order. Our methods involve exterior
algebras and characters.

1. INTRODUCTION

Let G ={ay,...,a,} be an abelian group (written multiplicatively) of order n, and let
bi,...,b, € G. In 1952, M. Hall, Jr. [7] showed that aib(1,...,anbx(n) are (pairwise)
distinct for some permutation 7 € S, (the symmetric group on {1,...,n}) if and only if
by - - - b, is the identity element of G.

In 1999, H. S. Snevily [9] considered subsets with cardinality & of an abelian group G
(or, simply k-subsets of ), and proposed the following challenging conjecture.

Conjecture 1.1. (Snevily’s Conjecture) Let G' be a multiplicatively written abelian group
of odd order, and let A = {ay,--- ,ar} and B = {by,--- ,bx} be two k-subsets of G. Then
there is a permutation w € Sy, such that a1brqy, ..., apbru) are distinct.

The above conjecture can be reformulated in terms of Latin transversals of the Latin
square formed by the Cayley multiplication table of G. N. Alon [2] proved Snevily’s
conjecture when |G| is an odd prime, by using the Combinatorial Nullstellensatz [1]. In
fact, Alon [2] obtained the following stronger result.

Theorem 1.2. (Alon [2]) Let G be a cyclic group of prime order p. Let k < p be a
positive integer. Let A = {ay,...,ax} be a k-subset of G and by, ..., by be (not necessarily
distinct) elements of G. Then there is a permutation ™ € Sy such that ai1b(y, . .., apbr(r)
are distinct.
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In 2001, S. Dasgupta, G. Karolyi, O. Serra and B. Szegedy [4] proved Conjecture 1.1 for
any cyclic group G of odd order. Moreover, these authors extended Alon’s result (Theorem
1.2) to cyclic groups of prime power order as well as elementary abelian groups.

Theorem 1.3. (Dasgupta-Kéarolyi-Serra-Szegedy [4]) Let p be a prime and let a be a
positive integer. Let G be the cyclic group Cya or the elementary abelian p-group Cy.
Assume that A = {ay,aq, ... ,ax} is a k-subset of G and by, b, ..., by are (not necessarily
distinct) elements of G, where k is smaller than p. Then, for some m € Sy, the products
ai1br(ry, - - ., arbry are distinct.

Motivated by Theorems 1.2 and 1.3, Dasgupta, et al. [4, p. 23] proposed the following
conjecture.

Conjecture 1.4. (The DKSS Conjecture) Let G be a finite abelian group with |G| > 1,
and let p(G) be the smallest prime divisor of |G|. Let k < p(G) be a positive integer.
Assume that A = {ay,as, ... ,ax} is a k-subset of G and by, b, ..., by are (not necessarily
distinct) elements of G. Then there is a permutation ™ € Sy such that ai1bx(y, . .., apbr(k)
are distinct.

Let G be a finite abelian group with |G| > 1. When A = {a4,...,a;} is a subgroup of
G with cardinality k and by, ..., b are (not necessarily distinct) elements of A, by Hall’s
theorem, aibrn), ..., arbrx) are distinct for some 7 € S, if and only if by ---b, = e. As
G always has an element of order p = p(G), which generates a cyclic subgroup of order
p, we see that the conclusion of Conjecture 1.4 does not hold in general when k = p(G).
We also note that Conjecture 1.4 implies Snevily’s conjecture in the case where k < p(G).
Using a group ring approach, W. D. Gao and D. J. Wang [5] proved Conjecture 1.4 for
abelian p-groups under the stronger assumption k& < /2p. (See also [GGH].)

In this paper we confirm the DKSS conjecture under the extra assumption that the
second smallest prime divisor of |G| (if it exists) is greater than k!. It will be convenient
to introduce the following terminology.

Definition 1.5. Let £ and n > 1 be positive integers. We say that n is k-large if the

smallest prime divisor of n is greater than £ and any other prime divisor of n is greater
than k!.

Here is our main result on the DKSS conjecture.

Theorem 1.6. Let G be a finite abelian group. Let A = {ay,...,a;} be a k-subset of
G, and by, ..., by be (not necessarily distinct) elements of G. Suppose that either A or
B ={by,... by} is contained in a subgroup H of G and |H| is k-large. Then there exists
a permutation ™ € Sy such that aibyy, - , axbrk) are distinct.

Note that if & is a positive integer and p is a prime such that p > k, then p* is obviously
k-large for every a« = 1,2, 3,.... Therefore we have the following immediate consequence
of Theorem 1.6.

Corollary 1.7. Let p be a prime. Assume that G is an abelian p-group, and k is a positive
integer such that k < p. Let A = {ay,...,a;} be a k-subset of G, and by, by, ... by be
(not necessarily distinct) elements of G. Then there is a permutation m € Sy such that
aibry, ..., arbrpy are distinct.
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Obviously Theorem 1.6 implies that the DKSS conjecture is true for £ = 3. By a
case-by-case analysis we also can show that the DKSS conjecture holds when k = 4. The-
orem 1.6 also implies that the DKSS conjecture holds in the case where A = {a,d?, ..., a"*}
with a € G\ {e}.

Corollary 1.8. Let G be a finite abelian group with |G| > 1. Let a # e be an element of
G and let by, ..., by be (not necessarily distinct) elements of G. Provided that k < p(G),
there is a permutation ™ € Sy such that the products aibﬂ(i) (t=1,...,k) are distinct.

It is interesting to compare Corollary 1.8 with the following conjecture of Snevily [9]:
If G = (a) is a cyclic group of order n, k is a positive integer less than n, and by, ..., by
are (not necessarily distinct) elements of G, then there is a permutation = € S, such that
a'ba(iy, t = 1,..., k, are distinct.

Our proof of Theorem 1.6 uses an exterior algebra approach. For applications of sym-
metric product and alternating product methods in combinatorics, we refer the reader to
[3, Chap. 6]. The exterior algebra approach can also be used to give an alternative proof
of the following theorem of Z. W. Sun [14].

Theorem 1.9. (Sun [14]) Let G be a finite cyclic group, and let Ay = {ai1,..., a1},
Ay ={ag1, ... a0}, o, Am = {ami, ..., ami} be k-subsets of G, where m € {3,5,7,...}.
Then there exist permutations m; € Sy, 2 < i < m, such that aijaor,;)** Gmrn(), J =
1,2,...,k, are all distinct.

We remark that for m = 2,4,6, ..., Sun could prove a similar result under the assump-
tion that all elements of A,, have odd order (cf. [13] and [14]). This result in particular
implies that Snevily’s conjecture is true for cyclic groups of odd order, a result first proved
by Dasgupta, et al. in [4].

Recall that, for a matrix M = (a;j)1<; <k Over a commutative ring with identity, the
determinant of M and the permanent of M are defined by

det(M) = Z sgn (0)a10(1) - - - Gko(ry and per (M) = Z A1o(1) " " * Cko(k)
oES oES)
respectively, where sgn (o), the sign of 0 € Sy, equals 1 or —1 according as the permutation
o is even or odd.
To attack the Snevily conjecture via our approach, we propose the following conjecture.

Conjecture 1.10. Let G be a finite abelian group, and let A = {ay,...,ax} and B =
{b1, ..., b} be two k-subsets of G. Let K be any field containing an element of multi-
plicative order |G|, and let G be the character group of all group homomorphisms from
G to K* = K\ {0}. Then there are x1,...,xx € G such that det(xi(a;))1<ij<x and
det(x;(b;))1<ij<k are both nonzero.

When G is cyclic, we may take y; = x* for i« = 1,2,...,k, where y is a generator
of G. Then the two determinants det(x;(a;))1<ij<x and det(xi(b;))i<i <k in the above
conjecture are both nonzero since they are Vandermonde determinants. Therefore we see
that Conjecture 1.10 is true for cyclic groups. We further mention that when G is a cyclic
group of prime order and K is the complex field C, for any distinct xq,...,x% € G and
distinct ay,...,ar € G we have det(x;(a;))1<ij<k 7 0 by the Chebotarév theorem (cf.
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[10] and [15]); this is stronger than what Conjecture 1.10 asserts. The general case of
Conjecture 1.10 seems to be quite sophisticated.

We will show that Conjecture 1.10 holds when A = B (see Lemma 3.1). Moreover, we
have the following result.

Theorem 1.11. (i) Conjecture 1.10 implies Conjecture 1.1.

(i) Let G, A, B,G be as in Congecture 1.10. Assume that there is a ™ € Sy such that
C = {aibzq), ..., apbry} is a k-set with {a1b-1y, ..., arbrey} # C for all 7 € S\ {n}.
Then there are x1,. .., xx € G such that det(x;(a;))1<ij<x and det(x;(b;))1<i <k are both
nonzero. Also, there are x1,..., X, € G such that det(xi(a;))1<ij<k and per (x;(b;))1<i i<k
are both nonzero, and there are iy, . .., Uy, € G such that the permanents per (Yi(a;))1<ij<k
and per (1;(b;))1<i j<k are both nonzero.

In the next section we will give some background on exterior algebras and lay the basis
for our new approach. (For readers who are not familiar with exterior algebras, Northcott’s
book [8] is a good reference.) We are going to prove Theorem 1.6 and Corollary 1.8 in
Section 3, and Theorems 1.9 and 1.11 in Section 4.

2. AN AUXILIARY PROPOSITION MOTIVATED BY EXTERIOR ALGEBRAS

Let us recall some definitions and basic facts related to exterior algebras.

Let R be a commutative ring with identity, and let M be a left R-module. The nth
exterior power of M, denoted by A" M, comes equipped with an alternating multilinear
map

n
M><M><~--><M—>/\ M, (my,ma,...,mp) — my Amg A -+ Amy,

that is universal: for an R-module N and an alternating multilinear map 5 : M xX M x---x
M — N, there is a unique linear map from A" M to N which takes m; AmgA---Am,, to
B(my, ma,...,my,). Recall that a multilinear map f3 is alternating if 5(mq, ma,...,my) =
0 whenever two of the m; are equal. The exterior power A" M can be constructed as
the quotient module of M®™ (the n-th tensor power) by the submodule generated by all
those m; ® my ® - - - ® m,, with two of the m; equal. We naturally identify /\0 M = R and
A'M = M. The exterior algebra of M, denoted by E(M), is the algebra @, A"(M),
with respect to the wedge product ‘A’. This is a graded algebra. By ‘graded’ we mean that
multiplying an element of A™ M with an element of A" M, gives an element of A™" M.
A skew derivation on E(M) is an R-homomorphism A : E(M) — E(M) such that

A(ry) = (Az)y + (—1)"z(Ay),
forallz € A" M and y € E(M).
Next let U be an R-module. Assume that we have a bilinear mapping v: U x M — R.

Then, for any u € U, y(u, -) is an R-module homomorphism from M to R. By [8, Theorem
10, p. 96], there exists a unique skew derivation A, : E(M) — E(M) that extends y(u, ).

Furthermore, when n > 0, A, maps A" M into /\n*1 M, and it can be defined by
Ay(my Ao Amg) =Y (=D y(u,mg)(my A AT A= Amy),
i=1
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where mq,...,m, are arbitrary elements of M, and m; A--- Am; A --- A m, denotes the
result of striking out m; from mq A--- Am; A--- Am,. For uy, us € U, we can consider
the composition A,, o A,, of the R-module homomorphisms A,, and A,, in the usual
sense. We are now ready to state the following result from [§].

Lemma 2.1. ([8, Corollary, p. 100]) Using the above notation, for uy,...,ux € U and
my,...,m, € M, we have

(Ay, 0 0 A, ) (my A Amy) = (—1)FE=D72 det (y(u;, mj))lgm.gk )

Lemma 2.1 leads us to the following useful proposition.

Proposition 2.2. Let G be a finite abelian group. Let G denote the group of characters
from G to K* = K\ {0}, where K is a field containing an element of multiplicative order
|G|. Let ay,... a5, by,....,bp € G and x1,..., Xk € G. Suppose that both det(M,) and
per (M) are nonzero, where M, = (x;(a;))1<ij<k and My = (xi(b;))1<ij<k- Then there is
a permutation ™ € Sy such that the products a1brqy, ..., apbru) are distinct.

Proof. For the purpose of applying Lemma 2.1, we set R := K, M := KG (the group
algebra of G over K), and U := KG (the group algebra of G over K). The mapping
v:UxM — K is defined as follows: First define v : G xG — K by setting v(x,9) :== x(g)
for x € G and g € G; next we extend ~y bilinearly to a map from U x M to K. The
resulting map is still denoted by v and it is bilinear.

For any 7 € Sj we set

k
Qr = arbey A+ Aagby € [\ M.

Let M7, be the k X k matrix with (i, j)-entry equal to x;(a;br;)). By Lemma 2.1, we
have

(Ay, 00 Ay, )(Qn) Z(—l)k(k_l)/2 det(Mg,)
: ]- h(k-1)/2 Z Sgn Xl aa(l)bmr ) e Xk(aa(k)bmr(k’))- (21)

€Sk

Summing (2.1) over m € S, we obtain

<Axlo---oAxk>(Z@ﬁ)

TESY
k(k 1/2 Z Z X1 aa-(l)bﬂ—a' ) : (CI/O— k)bﬂ'U )Sgn< )
€S, TESE (22)
k(k=1)/2 Z sgn (0)x1(ao(1)) - - - Xk (Ao@r) Z X (b X (br(k))
o€Sy TESE

=(=1)"ED2 det (M, )per(My).

As det(M,)per(M;) # 0, we have > o Qr # 0. So there exists a 7 € Sy, such that
arbr1y A -+ A agbrry is nonzero, implying that a1y (1), ..., apbrs) are distinct. The proof
is now complete.
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3. PROOFS OF THEOREM 1.6 AND COROLLARY 1.8

Lemma 3.1. Let G be a finite abelian group and let K be a field containing an el-
ement of multiplicative order |G|. Let G be the group of characters from G to K*,
and let ay,...,a, € G. Then ay,...,ar are distinct if and only if there are (dzstmct)

X1,---3s Xk € G such that det(xz(a]))1<”<k #+ 0. Also, there exist x1,...,Xr € G with
per (xi(a;))1<ij<k # 0 provided that ay, ..., ay are distinct.

Proof. 1f ay = a; for some 1 < s < t < k, then for any xi,...,xr € G the deter-
minant det(x;(a;))1<ij<r vanishes since the sth column and ¢th column of the matrix
(Xi<aj))1§i7j§k are identical.

Now suppose that aq, ..., a are distinct. If the characteristic of K is a prime p dividing
|G|, then

(zl€/P 1P = 2I61 — 1 for all z € K,

which contradicts the assumption that K contains an element of multiplicative order |G]|.
So we have |G|1 # 0, where 1 is the identity of the field K. It is well known that

, ifa € G\ {e},
> x(a) {|G|1 .

ifa=ce.
xEG’
Observe that

> e xalay ) det(xi(ay)) 1< <k

Xl,‘..,xkeé
k
= > e xelagh) D sen (m) [ [ alax)
X15XKEG TESk =1
= > D sen( H H(ax@ar)
15Xk €G TESE i=
— Z sgn (1) H Z Xi(ar@ya;
TESK i=1 XiEG

k
=sgn (I) [J(IGI1) = (IG|1)* #
=1

where [ is the identity permutation in Si. So there are xi,...,xr € G such that
det(x;(a;))1<ij<x 7# 0 and hence X1, ..., x are distinct. Similarly, by removing sgn (7) in
the above calculations, we see that there exist 1, ..., xx € G such that per (x;(a;))1<ij<k 7
0. This concludes the proof.

Remark 3.2. If we apply Lemma 3.1 with £ = |G| then we obtain the following classical
result: The matrix T = (X(g>)x cCgec 8 nonsingular; in other words, all the characters

in G are linearly independent over the field K. It is well known that all the characters in
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G actually form a basis of the vector space
“={f: fisa function from G to K}
over the field K.

Lemma 3.3. (Sun [12, Lemma 3.1]) Let A1, ..., \x be complex nth roots of unity. Suppose
that ci 1 + -+ - + cg i = 0, where ¢y, ..., ¢, are nonnegative integers. Then ¢y + - -+ + ¢
can be written in the form me pxy, where the sum is over all prime divisors of n and
the x, are nonnegative integers.

This lemma appeared in [12] explicitly, and it follows from Lemma 9 in Sun [11].

We are now in a position to prove Theorem 1.6.

Proof of Theorem 1.6. Let G be the group of all complex-valued characters of GG, and let
p1 < -+ < p, be all the distinct prime divisors of |H|. If k! = pyx; + - - - + p,a, for some
nonnegative integers x1, ..., z,, then k! = p;x; for some 1 <1 < r (since p;, + p;, > k! for
all 1 < iy < iy <), thus p; divides k!, contradicting the fact £ < p(H) < p;. In view of

this and Lemma 3.3, we see that if (; € C and CJTH‘ =1 for all # € Sy then ZWESk (e # 0.
Casel. B={by,...,b} C H.

In this case b'lH‘ = ... = blkH‘ =e. As ay,...,a are distinct, by Lemma 3.1 there are

X1,---, Xk € G such that det(x;(a;))1<ij<k # 0. Observe that

per (Xz 1<z J<k = Z H Xz

meS, =1

and

i H|  k k
(HXi(bw(i))) = HXi(blﬂ)) = HXz’(@) —

By the prev10us discussion, per (x;(b;))1<ij<x # 0. It follows from Proposition 2.2 that
a1br(1y, - . -, arbr(ry are distinct for some 7 € Sj.

Case 2. AC H.

Suppose that pi,...,pr,...,ps (s > r) are all the distinct prime divisors of |G|. It is
well known that G = P;--- P, --- P, where each P, = Syl (G) is the unique Sylow p;-
subgroup of G. For each i =1,...,r, we have Syl, (H) C P; by Sylow’s second theorem.
So

H =Syl, (H)---Syl, (H) € Hy:=P---P,.

As aq,...,a; are distinct elements of Hy, by Lemma 3.1 there are x1,...,x% € f/f\l such
that det(x;(a;))1<ij<k # 0. For each i =1, ...,k we can extend x; to a character of G by
setting x;(h1ha) = x;(hy) for all hy € Hy and hy € Hs, where Hy = P,y --- Py if r < s,
and Hy = {e} if r = 5. It follows that y;(g)1l =1 for all ¢ € G = H,H,. Thus

k |Hi|
(Hxi(bw(i))) =1 forall7eS,.
i=1
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Note that |H,| is k-large since |H| is. As in Case 1, we get per (x;(b;))i<i <k 7 0 and
hence the desired result follows.

Combining the above, we have completed the proof of Theorem 1.6.
Proof of Corollary 1.8. Let p be any prime divisor of the order of a, and let P = Syl (G),

(
the Sylow p-subgroup of G. As the order of a does not divide |G|/|P|, we have a
al®/1Pl e P\ {e}.

The condition k < p(G) ensures that 1,...,k are pairwise incongruent modulo p. The
following argument actually yields a refinement of the stated result.
Let 41,140, ...,4 be any integers pairwise incongruent modulo p. Then a™,a",..., a'%

are distinct elements of P. Set Z;j = bL.GmP‘ for j =1,...,k. By Theorem 1.6, there is a
permutation m € Sy such that all the elements

0"br() = (") T (G =1, k)

are distinct. It follows that a by, abr(a), ..., a"™ by are distinct. We are done.

4. PROOFS OF THEOREMS 1.9 AND 1.11

First, we prove Theorem 1.9 via the exterior algebra approach.

Proof of Theorem 1.9. We choose K = C (the field of complex numbers), and work with
the group algebra M := KG. For ms, ..., 7, € Sy we define

m k
Qrayiim = H sgn(m;) (@11@27r2(1) S O, (1) N N Q1 Q2 (k) '@mnm(k)) € /\ M.
i=2

Let x1, ..., xx be distinct (complex) characters of G, and set M; = (x¢(a;;))1<e,j<k for i =
1,2,...,m. Then, by similar computations to those in (2.1) and (2.2) (paying attention
to the signs involved and noting that m is odd), we get

Ay o---0A, ( Z sz,...,wm) = (—l)k(k*l)/2 H det(M;).
i=1

Tyeeey T ESE

Since G is cyclic, we have G = {1,x,x? ...}, where x is a generator of G. If x(ais) =
x(ay), then Zweé‘ Y(aisa;’) = |G|1 # 0, hence a;;a;," = e and thus s = ¢ (since a;, . . . , @
are distinct). Therefore, if we choose y, = x*~! for £ = 1,2,..., k, then det(M;) # 0 for
all 1 <1i < m since each M; is a Vandermonde matrix whose second row is (x(a;;))i<j<k-
With the above choice of x,, 1 < ¢ < k, we have

AXl O:-+0 AXk ( Z Qﬂ'g,...,ﬂ'm> 7é 0

T,eee, T ESE

Hence there exist 7y, ..., 7, € Sgsuch that Qn,. ., 7# 0, implying that ajasr, ;) - - * G ()5
1 < j <k, are all distinct.

Next, we give a proof of Theorem 1.11.
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Proof of Theorem 1.11. (i) We want to prove Conjecture 1.1 under the assumption that
Conjecture 1.10 holds.

As |G| is odd, we have 2¢U%) = 1 (mod |G|) by Euler’s theorem, where ¢ is the Euler
totient function. Let K be the finite field Fy.(ap. Then the cyclic group K™ = K\ {0} has
an element of multiplicative order |G|. Let G be the group of characters from G to K*. By
Conjecture 1.10 there are x4, . . ., xx € G such that det(}M,) and det(M,) are both nonzero,
where M, = (xi(a;))1<ij<r and My = (xi(bj))1<ij<k- As K is of characteristic 2, we have
per (M,) = det(M;) # 0. Applying Proposition 2.2 we obtain that a;bxy,. .., axbzu) are
distinct for some 7 € S.

(ii) Set
o= > X Hanba) - xg anba) det((xi(a;))1<ij<r det((xi(05))1<i <k

X1 Xk EG
Observe that

k
Z Z sgn (o H Z sgn (1o H Xi(br ()bT_r(l))
X1y Xk €G 7€k = €Sk =
k
— Z sgn (7) Z H Z Xi(@o(i)bra(iy(@iba) ")
TESK o€y i=1 xi€G
_ Z sgn (7) Z (|G[1)*.
TESK oES,

aa(i)b-ra(i):aibw(i) for i=1,...,k

If 7 € S, and {ai1b-q1), ..., axbray} = C, then 7 is identical to 7 by the assumption
of Theorem 1.11(ii), and the identity permutation [ is the unique o € Sy such that
ag(i)bn,(i) = aibﬂ(i) for all i = 1, c. ,/{. Therefore

% = sgn (m)(|G1)*
So there are x1,...,xx € G such that
det((xi(aj))1<ij<n det((xi(bj))1<ij<k # 0

and hence neither det((x;(a;))1<i <k nor det((x;(b;))1<i j<x vanishes.
The remaining results in Theorem 1.11(ii) can be easily proved in a similar way.

Acknowledgment. The authors are indebted to the referee for helpful comments.

REFERENCES

[1] N. Alon, Combinatorial Nullstellensatz, Combin. Probab. Comput. 8(1999), 7-29.

[2] N. Alon, Additive Latin transversals, Israel J. Math. 117(2000), 125-130.

[3] L. Babai, P. Frankl, Linear Algebra Methods in Combinatorics with Applications to Geometry and
Computer Science, Preliminary Version 2, University of Chicago, 1992.

[4] S. Dasgupta, G. Kérolyi, O. Serra, B. Szegedy, Transversals of additive Latin squares, Israel J. Math.
126(2001), 17-28.

[5] W. D. Gao, D. J. Wang, Additive Latin transversals and group rings, Israel J. Math. 140(2004),
375-380.



10

(6]

TAO FENG, ZHI-WEI SUN AND QING XIANG

W. D. Gao, A. Geroldinger and F. Halter-Koch, Group algebras of finite abelian groups and their
applications to combinatorial problems, Rocky Mountain J. Math. 39(2009), 805-823.

M. Hall, Jr., A combinatorial problem on abelian groups, Proc. Amer. Math. Soc. 3(1952), 584-587.
D. G. Northcott, Multilinear Algebra, Cambridge University Press, Cambridge, 1984.

H. S. Snevily, The Cayley addition table of Z,, Amer. Math. Monthly 106(1999), 584-585.

P. Stevenhagen, H. W. Lenstra, Jr., Chebotarév and his density theorem, Math. Intelligencer,
18(1996), 26-37.

Z. W. Sun, Covering the integers by arithmetic sequences. II, Trans. Amer. Math. Soc. 348(1996),
4279-4320.

Z. W. Sun, On the function w(z) = [{1 < s < k: x = a5 (mod ng)}|, Combinatorica 23(2003),
681-691.

Z. W. Sun, On Snevily’s conjecture and restricted sumsets, J. Combin. Theory Ser. A 103(2003),
291-304.

| Z. W. Sun, An additive theorem and restricted sumsets, Math. Res. Lett. 15(2008), 1263-1276.

T. Tao, An uncertainty principle for cyclic groups of prime order, Math. Res. Lett. 12(2005), 121
127.

D1vISION OF MATHEMATICAL SCIENCES, SCHOOL OF PHYSICAL AND MATHEMATICAL SCIENCES,
NANYANG TECHNOLOGICAL UNIVERSITY, SINGAPORE 637616
E-mail address: FengTao@ntu.edu.sg

DEPARTMENT OF MATHEMATICS, NANJING UNIVERSITY, NANJING 210093, PEOPLE’S REPUBLIC
OF CHINA
E-mail address: zwsun@nju.edu.cn

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF DELAWARE, NEWARK, DE 19716,
USA
E-mail address: xiang@math.udel.edu



